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THEORETICALINVESTIGATIONOFA PROPORTIONAL-PLUS-FLICKER

AUTOWIC PILOT

By ErnestC.Seaberg

. SUMMARY

Theproportional-plus-flickerautomaticpilotoperatesby a non-
linearprinciplewherebya fast-actingflickerservornotorresponseis
combinedwitha low-speedproportionalservomotorresponseforthepur-
poseof obtainingsupersonicstabilityWd control.Essentially,the
autopilotmaintainsa zeroreferenceaboutwhichtheoutputispropor-
tionalto theinput.However,a flickerresponseoverridesthispropor-
tionalresponseat a fixedangleofgimbaldisplacementoneithersideof
thezero~oscope reference.Therefore,in contrastto otherhigh-
speedcontrolsystems,thedesignrequirementsarestiplifiedbecause
thetwocomponentsoftheproportional-flickercontrolsystemareeasy
to buildseparatelyandtheycanbe cmnbinedina relativelysimple
manner.

Byapplicationoftheproportional-flickerprinciple,satisfactory
stabilitycanbe obtainedby theproperadjustmentofthevariablefac-
torsintheautopilotmechanism;namely,theproportionalgain,the
amplitudeofflickercontroldeflection,theautopilottime-lagfactor
(thetimelagbetweenflickerandproportionaloperation),endthepoint
intherangethattheautopilotswitchesfroma flickerto a proportional
system.Thereisa possibilitythatthesefactorscanbe adjustedso
thata morerapidresponsetime(thetimeto reachsteadystate)is
obtainedwiththenonlinearproportional-flickerautopilotthanwitha
purelylinearproportionalautopilat.

Forthemainpartofthisanalysis,theproportionalpartofthe
systemisapproximatedby a zero-phase-lagproportionalautopilotwith
theassumptionthatthecontrolsurfacemovesinstsataneouslyat the
pointwherethesystemswitchesfromflickertoproportional.Goodcor-
relationis shownbetweentheresultsobtainedby thismethodandresults
obtainedby usinga closeapproximationofan actualautopilottransfer
functionforproportionalautopilotoperation.
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Theproportional-flickercontrolsystem appears @ be a Practical .-.
methodforobtainingpitchstabilizationofa suPers@-cPilotlessair:-

..
—

craft . Therefore,irialsof
vehicles,appearwarranted.

thissystem,particularlyin supersonic .=

INTRODUCTION

As partofthegeneralresearchprogrem.forinvestigatingvarious
mans ofautomaticstabilization,thePil@lessAircraftResearch
DivisionoftheLangleyAeronauticalLaboratoryhasbeenconductinga
theoreticalamlysisto determinethefeasibilityof”usinga proportional-
plus-flickerautomaticpilotforstabilizationandcontrolofa super-
soniccanardairframe.Theprincipleofoperationofthisautopilotis
believedtobeuniquebecauseitcombinesa fast-actingflickerservo
responsewitha low-speedproportfomlservoresPonse~ a re-lativelY_.

—.

simplemanner,thatis,by overridingtheproportio~lp=t Ofthe..
systemat a fixedangleof g3mbaldisplacementfromthe.zerowoscope”-
referencethroughtheuseof simpleelectrical.pickoffsattachedto the
displacementgyroscopeouterg’imbal.

——
..*

Thereasonforattemptingto develop-. autopilotofthistYPeis
to overcometheapparentdifficultyinbuildinga high-speedproportional
servomotorby theconstructionofa proportion@-flicker.servo._~cause
thefast-actingflickerservoandthelow-gain,S1OWproportio~lservo ...

.

by themselveshavealreadybeentriedandproven,theuseofa servo-
motorcombiningthetwocharacteristicsiSsufm=s~edjthefWt-a.cting
flickerportionto alleviatequicklyinitialdisturbancessn’dto secure““-
a largeresponsequicklyto an inputsignal.Theamplitudeof<licker
controldeflectionislargerthanavailablefromtheproportionalpart,
themainfunctionofwhichisto securestabilizationaroundtheneutral

.—

pointoftherange. --

Theanalysiscontainedhereinpertainsto onespecificsupersonic
modelconfigurationforwhichsatisfactorystabilitywasachieved.It
isveryprobable,however,thattheoptimumadjustmentsofthevariable,
factorsintheautopilotmechanismhavenotbeenrealized.It tS
believedthata morecompleteanalysisutilizingan analogcomputing
machinewouldshowtheoptimumautopilotadjustmentmoreclosely.The
resultsoftheanalysiscontainedhereinshowtheeffectsofthefol-
lowingconditionsonthestabilityoftheautopilot-modelcombination
basedmainlyontheflightconditionanticipatedasa resultofPrevioV>“- “-
flighttestsofthemodel: -. ...

1.Normalacceleration
“

. .

-—--—----
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2.Aerodynamicout-of-trimmoment

3.Staticmargin,altitude,andMachnumbervariation

Theanalysiswascontinuedfurtherto includetheresponseto an
initialdisturbanceandtheresponseto a conmandsignalusingapproxi-
matephysicalautopilottransferfunctionsinthebandofproportional
autopilotoperation.

SYMBOLS

5 canardcontrol-surfacedeflection,trailingedgedown
denotespositivedeflection;degrees

G erroranglebetweengyroscopefrsme
airframeattitude,degrees

K proportionalautopilotgainfactor.

e,eo

k’

a

n

M

Y

Iy

andinstantaneous

(K= !)

pitchanglemeasuredfromhorizontal,positivewhennose
isabovethehorizontalreference,degrees

firstderivativeof @ withrespectto time,degreesper
second(de/dt)

angleofattack,positivewhennoseisup relativeto
flightpath,degrees

firstderivativeof.a withrespectto time,degreesper
second(da/dt)

flight-pathangle,degrees(y= 6’- a)

accelerationdueto gravity,32.2Zeetpersecondper
second

normalaccelerationin g units

Machnumber

stabilitysxiswhichpasses,throughcenterof gravityand
isperpendiculartoverticalplaneof symmetry

momentof inertiaaboutY-sxis,slugfeetsquare
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L lift,pounds

m mass,slugs;or~itchingmoment,footpounds .—--

q -C pressure,poundspersquarefoot
...... .—.

s“ wingarea,squarefeet
—

c,MAc meanaerodynamicchord,feet —

EM staticmargin,feet -. -.
v velocity,feetpersecond

.- _—.—

‘% liftcoefficient(L/qS)

cm pitching-momentcoefficient(m/qSc)

.
““ ‘-

..

..—
.“

8t valueof control-surfacedeflectionwhich-counterbalances
out-of-trimmoment,degrees

mt out-of-trimmomeritcausedbymodelmisalinement,foot
pounds

cm”- out-of-trim-momentcoefficient(mt/qSc)

t time,seconds

T time-lagfactor,seconds .—

too,t50,tloo timetha~themodelattitudecrossesthepointinrange
denotedby subscript,seconds(forexample,to” signi-
fiestheinstantoftimethatthemodelattitude(3

“

is 00)
.

~mls --
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(D
.. C.p.

cog.

D

B

1 L-l[1f(s)

Subscripts:

.i

o

frequency,radianspersecond

modelcenterofpressure

modelcenterof gravity

differentialoperator(d/dt)

Laplacetransformvariablecorrespondingto differential
operator

signifiesthatinverseLaplacetransformoffunctionf(s)
istobe taken

inputorforcingfunction
callingfora changein
inputvariation

correspondingto
attitudeorto a

da ccmman
sinusoidal

outrmtorresponsefunction,forexample,systemrespo~se
t;ac onman~signalor to-as~~.lsoidd-inputvariation

AIRFRAMEANDAUTOPILOTPRINCIPLESMD DESCRIPTION

A tyyicalqualitativecurveofthestaticservomotordisplace-
ment b plottedagainsttheerrorsignale fora proportional-flicl$er
autopilotsystemmightbe as follows:

/=r ~ ’51/,=0,90.
flicker proportional
range range /1

L+- ./”
+ 1

I
I
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Forthetheoreticalanalysis,theestl&tedpitchderivativesof
thecanardconfigurationreportedinreference1 wereused. A photo- —
graphandplan-viewsketchofthemodelconfi.guratlonareshownin -, - ..__
figure1.

The”autopilotsystem,asdescribedinthefollowirigparagraph,
constitutesonemethodofobtaininga proportional-fl~kerresponse,of
whichmanyvariationsarepossible.Itisalsofeasiblethata com-
pletelyelectricautopilotsystemcould.bedevisedwhichwouldfunction
ontheproportional-flickerprinciple.

A schematicdiagramofthetypeofautomaticpilotinvestigatedin
thisanalysisis showninfQure 2. Thissystemconsi&tsofa displace-
mentgyroscopeanda rategyroscopewhichtr.mamiterrorsignalsto a
diaphragmbymeansofpneumaticAskaniapickoffs.(Thesignalistrans- -,
mittedby ~ airjettoeitheroftwoholesinthepickoff”block,which
isconnectedto theservomotor.diaphragmby rubbertubes.)Thedia-
phra~ actuatestheservomotorslidevalveandtheserfomotorresponse-
becomesproporti&altotheinputthroughtheuseofa--feedbackspring.
Thesystemthusdescribedconstitutestheproportionalyartoftheauto-
pilot,whichsecuresstabilizationaboutthezero~oscope reference
point.The.flickerportionofthesystemisobtainedbyuseofelec-
tricaloverridepickoffswhicharemountedon thedisphcementgyrosco~ “’
frsmeandwhichmakecontactata presetangleof displacementwitha ..
pickoffattachedtotheoutergimbalofthedisplaceme~tgyroscope.
(Theangleof displacementatwhichthesepickoffsare.setdetermines.“ ._
theswitchingpointaridthe.widthofthebm.dofproportionaloperation
aboutthezerogyroscopereferencepoint.)Wheneitheroftheflicker
pickoffsukes contact,oneoftheoverridesolenoidsisenergizedwhich,
inturn,actuatestheservoslidevalveto causetheflickeractionof
theservomotorpiston.Thefunctionoftheleafspringsintheservo
feedbacklinkageistoalleviatethefeedbackspringanddiaphra@n
forcesduringflickeroperation.Withthisarrangement,morerapid
flickeractionisassuredwithrelativelysmallsolenoid6.Inoperation,
a timelagoccursattheautopilotswitchingpoint.Thiscausesa delay
betweenproportionalandflickeroperationwhentheairframeattitude
passesoutoftheproportionalbandandcause,san overshootunder
flickeroperationwhentheattitudecrossesthebandfibmtheother
direction.Itispossibletohavedelayandovershootperiodsof
differentmagnitudes.

.—

-—

—.

./ .-—-—

METHODOFANALYSIS : “’

Theanalysiscontainedhereinconsistsof calculatingthetran-
.

sientresponsesofthemissile-autopilotcombinationforvariousinitial
conditions,approximatingthosewhichmightbeencounteredInflight.

.
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Theprincipleonwhichtheproportional-flicker
nonlinear;however,itdoeslenditselfreadily

7

autopilotoperatesis
to analysisbymeansof

. linearap~roximati&sanda step-by-stepsolution,thefirst;tepof
whichistheresponseto a const~tcontroldeflectioncorrespondingto
flickerservoactioncausedby an initialattitudedisturbanceoutside
of theproportionalband. Theairframemotionandcorrespondingauto-
pilotresponseprecedingtheinitisldisturbancewerenotconsideredin
thisanalysis.b theinitialphaseof thecalculations,theautopilot
operationintheproportionalbandwasapproximatedwitha ~o-actuated

()
5

—
control ~ = K ofthetypeusedforrollstabilizationinreference1.
Calculationsbasedonthisassumptionarepresentedintheresultsas
approximationsoftheactualautopilot-modelpitchtransientresponses
to an initialdisturbsmce.Sincetheactualproporti~aal-plus-flicker
autopilotcannotincorporatetheuseofa gyrp-actuatedcontrolinthe
proportionalbandbecausetheintricaciesofthesystemnecessitatethe
useofa servomotor,furthercalculationsweremadeusingan approximate

8f’unction~ = f(D) fortheautopilotresponseintheproportionalbsnd.
TransientresponsesIncorporatingthisapproxtitionarealsopresented
intheresults.

. Threemethodsofanalysiswereconsideredin obtainingthepitch
transientresponsesofthesupersonicmodel-autopilotcombinationpre-
sentedintheresults.Thesolutionfora constantcontrol-surface

- deflectionappliesinthefirststepofeachmethod.Thefirstmethod
canbe generalizedas theresponseto an initialdisturbmce

(
5–=K in

)
G

proportionalband, thesecondastheresponseto an initialdisturbance

(
5- = f(D) inproportionalbande ), sndthethirdastheresponseto com-

(
6mandsignal – =

)
f(D) inproportionalband.

G
.

Responseto an InitialDisturbance

(
8– = K inProportionalBandE )

‘I&formsoftheequationsofmotionforconstantspeed,level
flight,are:

( Iy ~2
57.3@c

- c~

mV
(

mV
)57”3@’D e - 57.3@ D+%~’m5 ~
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Thegeneralsolutionoftheseequationsisbrokendofi”intotwosteps: ‘“
(1)b =constantfm theflickerportionofthesolution,and(2)b =Ke
fortheproportionalpartofthesolution.Forbothstepsthemethods
ofLaplace(references2 and3)wereusedinobtainingtheequation _

of .9as a functionoftime ll=W* ‘“ -

9

A qualitativeexampleofa typicalsolutionis”asfollows:

T“ firststep

initialdisturbance ———-—second step”.-

I‘\, ,

/—. -.
+ \ -.

\ \\ “+

i —d “ “-;’ “- ‘:~’

+/ 7Tl-

80 _—.------- _- --- _ - - -
-1 ‘IIf

time

.

.

— -

—

-. .:---
1

.

—.
—.

theproportional
isagainstitsstop
6’crossesthepro-

1 ..
shown,theinitialdisturbanceisoutsideof
Underthisconditionthecontrolsurfaceb

As iS
band.
andthesolutionfor 8 = constantappliesuntil
pOZ’tiOIld band. At thispointa time-lagfactor T is introducedto
allowforthedelaysintheoverridesolenoidandservdmotor.After
thisovershoot”periodthecontrolsurfaceisassumedtomoveinstantane-
ouslytoa valuewhichcorrespondsto @ by therelationb = Kc= -Kc.
Thecontrolsurfacewouldactuallymoveas slownby thedottedline.
However,theflickerresponseisestimatedto be ata rateofatleast
700°persecond;therefore,thestepapproximationisusedbecausethe
solutionis simplified,aswillbe shown,withoutintroducinganappre-
ciableerror.At theendofthedel~period T, thepro~ortional “
control-surfacemotionappliesandthe res~tiseis calculatedaccording ‘-””“-”
to therelation8 = K6. Thei~itialconditionsofthissecondstepare
obtainedfrcuntheendconditionsofthefirststep.Sincethenatureof
thesolutionrequiresthattheinitialvalueof a be known,thetran-
sient ~ = f’(t~ fora constant8 wasalsoderivedinorderto 6

determinethevalueof a attheend.ofthefirstste_@.
.
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Responseto an InitialDisturbance

(
8– = f(D) inProportionalBandc )

9

Thismethodof solutionwasderivedinorderto definemorecom-
pletelythemotionofthe 5 transientatthebeginningofthesecond
step.Thesolutionforthefirststepis identicalwiththatofthe
firstmethodofanalysisandthederivationforthe-solutionof the
secondstepisas follows.

Therelationsbetweentheairframeandautopilotparametersgov-
erningthesolutionofthesecondstepcanbe drawninblockdiagrsm

-formas

Q-j, autopilot 6-L airframe (30.trsmsfer / transfer e
function function

k 1 . I\

wherethetransferfunctionsarefunctionsofthedifferentialoperator.*

UsingthemethodsofLaplace(references2 and3),
motionaretransformedtotheform

fl(s}eo(s)+fp(s)~(s)=C%b(s) + f@

fk(s)eo(s)+f5(s)a(s)‘CL#(s) ‘fG(s)

where fs(s) and f6(s) containtheinitial-condition

theequationsof

(1)

(2)

terms.

Expandingequations(1)and(2)andsolving

f7(S)@) +f8(s)
co(s)= f9(s)

Itremainsto define5(s).By transformingthe
ei=o

●
b = f(D)6= -f(D)eo

for 8.(s)yields

(3)

relationandusing



,

10

anequationoftheform

?3(s) =f~o(s)eo(s) +fll(s)

NACARML50119

—

(4)

isobtainedwhere f~~(s)containstheinitial-conditionterms
involvingb and eo. . .-

Combiningequations(3)and(1).andsolvingfor 6.(s)yields
.

(5)

where f12(s)containstherequiredinitialvaluesof 19,a, and b
andtheirderivatives.Theinversetransfo~ofequation,(5)isthe
transientsolutionforthesecondstep .-

[1e(t) =L-l @o(S)

By combiningequations(3)and(4)andsolvingfor b(s) an
equationdefining5
transformofwhichis
response.

as a functionof s canbe obtained,theinverse
thesecond-stepsolutionforthe b traksient-

Responseto a CommandSignal

(5 )- = f(D) inProportionalBande

Inanautomaticallystabilizedmissile,a“command~ignalcanbe
obtainedby changingthe&oscope reference“point.~iS commandSi@ld
maybe generated,forexample,by theradarunitofa t~get seeker,-by
an outsidesourceina guidedmissile,orby’tinaltitudecontrol..When.
thecomnd signalislargerthantheproportionalband]theflicker
portionoftheautopilotunderconsideration“willfwictiog,yieldinga
constantcontrol-surfacedeflection,andthemotionwillbe initiated
towardthedesirednewattitudeor newneutralpointin~therange.An
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exampleofthe
enalysismight

11

e. variationwithtimeforthisthirdmethodOf
be asfollows:

newneutralpoint firststep
——. . -secondstep

I

new
--- -m —-. proportional

band

A
T

+
original

80 0 proportional

-i

band

I I
\

I \/+ \\\ -—->
50

=—= \ ~-
‘---

-t time .

As iS shown,the e. transientresponseisassumedto startfromlevel
flightandthenewneutralpointisoutsideof theoriginalproportional
band. Initially”theequationsofmotionaretreatedinthesamemanner
as inthefirststepofthefirstandsecondmethodexceptthatthe
initialvalueof 6J0iszero. Thetransientresponse(60) to a
constant8 appliesuntil 60 crossesthenewproportionalband. At
thispointthetime-lagfactor (T) iS again fitroducedto cOMplete
thefirststep.

Themethodofthederivationforthesolutionofthesecondstep
foundhereiniscarriedthroughingeneralforminreferences2, 4,
and5. Asmentionedpreviously,theautopilotfrequencyresponseis
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approximatedby a transferfrunctionoftheform ~ = f(D) wherethe
errorangle (e) istheanglebetweenthegyroscopereferenceandthe
instantaneousairframeattitude.Thesecondstep,showq~asthedotted
portionofthe eO transientresponse,istheresponseto a step 6i
where 19iistheanglebetweenthenewneutral.pointaridthevalueof
at theendofthefirststep,a newzeroreferencebeingtakenfor 60
atthispoint.Theequationsofmotionarehandledinthesamemanner
asforthesecondstepofthesecondmethodof analysis”exceptthat
therelationgoverningthedefinitionof.5(s) is - ~~

?3= f(D)6= f(D)(6i‘“co)

therefore,equation(4)becomes

5(s) =flo(s)~i(s)- eo(s-ij +fll(s)

andthesolutionfor .9.(s)takestheform

f~&(S)ei(s)‘flz(s) _.
co(s) = f13(s) (6)

Theinversetrsmsformofequation(6) givesthesolution-ofthesecond
stepofthetransientresponseto a commandsignal,

Thethreeaforementionedmethods
theorieswhichwerederivedto obtain
responsespresentedinthisanalysis.
theorieswillbe describedinfurther

ofanalysisdescribethegeneral
thesolutionsforthetransient
Anydeviationfromthesegeneral
detailintheresults.

.

’90
.——

.

.—

.. . ——

.

RESULTSANDDISCUSSION

Responseto an InitialDisturbance

(
5

)
– = K forSecondStep6

Determinationofthetime-lagfactorT.-Thetime-iagfactorfor
theautopilotpreviouslydescribedisdefinedasthetimethatittakes
forflickerservoactionaftertheflicker-actuatingsolenoidhasbeen
energizedordeenergized.Inorderto obtainanapproximatevalueof
thisfactorforuseinthecalculations,a,servomotorwasconstructed
whichoperatedontheproportional-flickerprincipleandwhi~ wouldbe
suitableforactuatingthecanardcontrolsurfacesofa modelofthe
typewhichwasflight-testedinreference1. Theresultsofan

i
—.

.
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eqerimentaltestofthisservomotorarepresentedinfigure3. As is
shown,an averageT of0.03secondwasobtained.Itisnotbelieved
thatmorerapidflickeractuationcanbe obtainedwiththistypeof
system.dueto thelimitationsonthesizeof solenoids;however>it .

wouldnotbe difficultto increasethe’time-lagfactorifnecesssryfor
stability.

.
Determinationoftheproportionalgainandamplitudeofflicker

controldeflection.-Forthesecalculationsthecoefficientsandmodel
longitudinalpitchderivativeswereestimatedonthebasisof sea-level
flightata Machnumberof1.8withthestaticmarginequalto 0.86cor
approximately14 inches.Thegeometriccharacteristics=d estimated
derivativesusedaregivenintableI.

A detaileddescriptionofthestepsrequiredfora solutionsuch
as showninfigure4 isas follows:Thefirststepistheres~onseto
a constant5. .Thesecondstepwhichstsrtsat somethe sfterthe
modelattitudepassestheproportionalboundaryisgovernedby the
approxhaterelation5 = -Ke forthemajorpertofthisanalysis.
Thissimplifiesthecalculationsandstillgivesa goodapproximation
oftheactual6 response.Thevaluesoftheinitial-conditionterms

. necessaryforthesecond-stepsolutionof theequationsofmotionsre
obtainedfromtheirvaluesat theendofthefirststep. Ifthe 6
responsestaysinsidetheproportionalbandandthemotiondiesout,

. thesolutionis completeintwosteps.However,ifthemodelattitude
againreachestheproportionalband,theflicker-actuatingsolenoidwill
be energized,makingmorestepsnecessary.Forthethirdstepthe b
responseisassumedtoholda constmtvaluewhichis determinedfrom
therelationb = -Ke where e istheproportionalbandlhuit.The
initial-conditionterms‘areagainfoundfromtheirvaluesat theendof
thepreviousstep.Thetime-lagfactordeterminesthedurationofthe
thirdstep.Whenthisperiodoftimehaselapsedthefourthstepis
initiatedforwhichtheconstantflickerb appliesas inthefirst
step.Thisstep-by-stepsolutionis continueduntiltheresponseof
themodel-autopilotcombinationisdetermined.

Thefirstcalculatedtransientresponses,presentedinfi~re 4,
werebasedona flickerb of+10°,a proportionalbandof*5 which
isdesignatedinthisandsubsequentfiguresby thelong-dashedlines,
anda the-lagfactorof0.03second.Theinitialpitchdisturbancefor
thecurvespresentedinthisfigurewas9° andthevalueof K was-1
forfiguresL(a)andL(b),whileinfigures4(c)andl(d) K= -0.3
where K isequaltothecont+ol-surfacegainratio b/e. FigureL(a)
showstheresponsewhenthefirststependsat0.03secondafterthe
model~ttitudee passestheproportionalbounda~(+50),designated.
by t

?
+ 0.03 secondonthefigure.FigureL(b)showstheresponse

when he firststependsat 0.03secondafterthemodelattitudepasses
throughtheneutralpoint(0°)o 3 second.Thiswould.

—

,
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necessitatea more“intricateflicker-actuatingpickoff“&drelaysystem”
thanthatshowninfigure2;however,itsdevelopmentwouldnotpropose
a majorproblem.AS Cm be seeninbothfiguresk(a)sndk(b),the

“responseisunstableas is indicatedby thedivergentt-ransient“
oscillations.Curvesforthesameconditionsareshowiinfigure=k(c)”
andk(d)except“thatK = -0.3 intheproportio~lband..A~car.be :.
seen,decreasingthegainintheproportionalbanddoes“notincrease
thestabilitybutactuallyhastheeffectofmakingthemodel-autopilot
combinationmoreunstable.

Sinceit isapparenttwt a flickercontrol-surfacegainof*10°is
toohighforstabilityat M = 1.8, calculationsfora lowerflicker
gain,nmely*5°, weremade. Curvesbasedoria flicker.”b of*5° and
onthesamederivativesusedforfigure4 are-presented.infigure5.
Thecurvesoffigure5(a)showthat,foran initialdisturbanceof “
8= 9°,proportionalbgmd.of+5°,andfor K “=-0.3,the-transient
responseisundesirablewhenthefirststependsat t5°+ 0.03second,
butwhentheswitchingpointis.extendedto to”+ 0.03secondthetran-”
sientresponseis stable.Thesecondaryoscillationwhichappears
duringthesecondstepisinducedby-theinstantaneousmovementofthe
controlsurfaceb. Figure5(b)showsthat,fora largqrK (n_amely,
for.K = -1),theproportionalbandcanbe smaller(*3°) ~d theresponse
willstillbe stableanddampoutintwosteps.Fora @allerinitial
disturbance,however,thestabilityismorecritical,as-isshownby -
thecurvewhichhasan initialdisturbanceof-”*5.50.Forthisreason
thecurveshowninfigure5(c) wascalculatedforan ini-tialdisturbance”
whichisjustoutsideoftheproportionalband,namely,an initialdis-
turbanceof ~.5° fora proportionalbandof ~3°. As isshown,thecal-
culatedtransientresponseisdivergent;however,by increasingthe
time-lagfactor T to” 0.1secondas infigure5(d)thetransientis
madeto stayinsidetheproportionalbandinthesecond.ptep.Actually,
theautopilotin thisinstancecouldhavetwovaluesof ‘r;0.03second
whentheattitudepassesoutoftheproportiotilband,a’nd0.1second
whentheattitudecrossesOO.

Sinceitappearsthata stabletransientresponsecanbe obtained
by thepro~eradjustmentofthevariablefactorsin-theautopilotmech-
anism,itwasdecidedto increasetheflicker“control-surface“gain
to+70inorderto obtaintheadv~tageofa morerapidresponsetime ~
thanthatobtainedwitha gainofk5°. For thisreasontheanalYSi~.of_
thecalculatedtransientresponseswhichfollowswillbe-basedona
flicker8 of&7°anda proportionalbandof*k”. Thefirstresponses
fortheseconditions,showninfigure6, werecalculated~usingK = -1 ~
inthesecondstepwiththefirststepending.atsometimeafterthe
modelattitudehaspassedthroughthezerogyroscopereference.In this-
instancejtheautopilotwillfunctionasa proportionalsystemas long
astheinitialdisturbanceiswithin.the*k”boundary.Intheeventthat

.—

,.
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themodelattitudepasseseithersideoftheselimits,theflicker
controlsurf,aceof *7°willapply,whicheveris corrective.Theflicker-
actuatingsolenoidwillbe deenergizedandproportionalcontrolwill
againapplysometimeafterthemodelattitudepassesthroughthezero
gyroscopereference.Proportional-fLickertrsnsientresponsesto a 9°

. initial.9disturbancewerecalculatedwiththefirststependingat
too+ 0.03secondsndat to”+ 0.1second,as showninfigure6. In
thisparticularinstance,thelargertimelagyieldsa transient
responsewhichis closerto thezero 19reference.Theuppercurveon
figure6 showstheresponseofa zerophaselagproportionalautopilot _.

(
5

)- = K fortheentirecurve. Thiscurveservesto illustratethedif-G
ferencebetweentheresponseobtainedfroma linearautopilotandthe
responsesobtainedwiththeproportional-flickerautopilot.Forthe
particularvslueofautopilotgainusedincalculatingtheresponse
obtainedwiththezerophaselagproportionalautopilot,the
proportional-flickerresponses,althoughmoreoscillatory,aremore
rapidthanthepureproportionalautopilot“response.Theyalueof K ,
usedforthezero-phase-lagproportionalautopilotresponsewas-0.6.
Thechoiceofthisautopilotconstsntwasbasedonthemethodsuggested
inreference5. Thismethodis illustratedinfigure7 wherethe
Nyquistdiagramwitha K of -0.69is showntobe tangentto,andnot
greaterthan,thelocusofpointsrequiredtomakethepeakamplitude
ratioofthemodel-autopilotcombination1.3.

.
Accelerationeffects.-Normalaccelerationand 19,a, and y

transientresponsesforthemdel-proportional-flicker-autopilotcom-
binationarepresentedinfigure8. The Q transientisthecurvewith
thefirststependingatto”+ 0.1second,as shownpreviouslyinfig- ,
ure6. As is shown,thetrim u isabout-2.5°andthesteady-state
normalaccelerationisapproximately-llgforthefirststep,witha
peakaccelerationovershootofabout-18.8g.

. An indicationofthemodelaerod-c loadstobe expectedunder
flicker-autopilotoperationcanbe obtainedfromthesteady-statevaria-
tionof n/b with’staticmarginfora constant5 input,as shownin
figure9 forsea-levelflight.Thiscurveisbasedonthevariationof
themodellongitudinalderivativeswithcenter-of-gravitylocation
at M = 1.8. Figure9 showsonlythesteady-stateacceleration;hr.ever,
thepeakaccelerationisthedesignfactor,thereforeacceleration
curvessuchastheoneshowninfig&e 8 arenecessaryto estimatethe .
amountof accelerationovershoot.Themethodemployedinderivingthe
relationonwhichtheplotof.n/5 againststaticmarginisbasedis
giveninappendixA.

Theeffectof out-of-trimmoment.-Thevalueof theout-of-trim
momentisassumedtobe thatwhichwillgivea certainvalueof b
outof trim (bt) or
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-.mt = cm~~t~sc

The-out-of-trimmomentcoefficient(1Cmt isthereforedefinedas

Cmt= c~tlt -.

Thiscoefficienthastheeffectofaddinganothertermto themoment
equationasfollows: —

>

( IY &
57.3qsc .)(-c#)@- )C% +C%D cc= cq6”+ c%

Thesolutionofthisequation,combinedwiththelift-equation,
foreachstepoftheproportional-flickertransientresponsesshowsthe,
effectof introducinganassumedvalueof anout-of-trfimoment.

Transientresponses,includingtheeffectofan out-of-trimmoment,
areshowninfigures10and11. Thesefiguresarebas~d.onsea-level
flightat-Mo=1.8 andwith SM= 0.86c,aridtheinitiale disturb-
ancewas4.5 with K equalto -1forthesecondstep. It isshownin
figure10(a)that,withouttheout-of-trimeffect,themodel-autopilot
trdnsientresponseismade.todampoutinthesecondstepwhenthetime-
lsgfactorisincreasedto O.l”second,thatis,whenthe-firststepends
at 0.1secondafterthemodelattitudehaspassedthroughtheneutral
point(OO).Therefore,theremaining,curvesshowninfigures10and11
arebasedonthevalueto”+ 0.1secondferthelengthof thefirst
step.Figure10(b)showstheresponseswhehout-of-trimmomentcoeffi-
cientsof -0.012and+0.012areused. Thesevaluesof=Cmt causethe
19transien~stotrimabout-0.57°and+0.57°,respectively.However,
thestabilityisnotaffectedtoanygreatexterit-sinc=”theresponseiS
dampedtowithinapproximately1° ofthetrimvaluein0.6secondin
eachcase.Moreseverevaluesof Cmt,namely,+0.058-and-0.058,were
usedinfigure.11. Thesegivetr&m e valu-esof +2.87°and-2.87°,
respectively,whichareonly1.13 fromtheproportionalboundary
limits(+40).However,althoughtheresponsestakelorigertodsq to
thenewtrimvalues,theyarestillstabletidstayti”~idethepropor-
tionalbsmdinthesecondstep.Forcomparison,calculatedtransient
responsesincludingan out-of-trimmomentandbasedon”azero-phase-lag
proportionalautopilotwith K = -0.6 arealsoshowninfigure11. For
thesecurvesa Cmt of H.035was”usedbecause,forco-mparison,it is‘-
desirablethatthetrim e (W..870)be thesameas fortheproportional-
flickerresponses.Infiguren(a) itis shownthat,tiincethe
proportional-flickerresponsemustfirstpassthrough0°andthen
oscillatebackto thetrtivalue,theresponseisnotmuchfastert@n ~
thepureproportionalautopilotresponse.However,infiguren(b)
wheretheout-of-trimmomentisnegative,theproportional-flickerauto-
pilothasthemorerapidresponsetime.
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Theresponseto an initialdisturbanceincludinginitialvalues
of b and a.-An initialpitchingvelocity of50 degreesper
secondandan angleofattack(a) of0.5°wereusedfortheresults
presentedinfig&e 12. Thesearerepresentativeofthevslueswhich
mightbe encounteredalongtheflightrangeofthetypeofmodelbeing
usedinthisanalysis.Infigure12(a)theinitial@ was50 degrees
persecondwithzeroini~ialangleof attack,whileinfigure12(b)
initialvaluesofboth .9and a wereusedandthevariationof normal.
accelerationemd a withtimearealso“shown.Thestabilityof longi-
tudinaltransientresponsesisnotaffectedgreatlyby includingthe
effectoftheseinitialconditions.

TheeffectofMachnumberchsmge.-h orderto detetinethesta-
bilitycharacteristicsofthemodel-proportional-flicker-autopilotcom-
binationfora differentMachnumber,thederivativesfor M = 1.4
wereestimatedas givenintableI forthesamecenter-of-gravityloca-
tionresultingina staticmarginof0.9c. Resultsbasedonthese
derivativesarepresentedinfigure13as 0 and a transientresponses
to9° and4.5°initialpitchdisturbances.The 19transientsarecom-
parable,exceptforMachnumber,tothecurveswiththefirststep
endingat to”+ 0.1secondshownpreviouslyinfigures6 sad10(a)and,

. althoughtheresponsetimeisa littleslower,theresultsoffigure13
showstability.

. Theeffectof static-marginreduction.-Theconsta?itsandaero-
dymsmicderivativesusedforthecurvepresentedinfigure14werebased
on sea-levelflightat M = I-.8 and SM = 0.3c andaregivenin
tableI. Thisamountsto a decreasein staticmarginfromapproximately
14 inchesto 5 inches.As is shown,anundesirableresultisobtained
becausethe .9transientresponsedoesnotdieoutinthesecondstep.
Instead,theresponsedivergesuntilwhatappearstobe a pureflicker
responseisobtained.Therefore,ina systemofthist=, theproblem
ofobtaininga morerapidresponsetimeisnotsolvedby simply
decreasingthestaticmargin.

Theeffectofaltitudevariation.-Exceptforaltitude,the
proportional-flickerresponsewiththefirststependingat to”+ 0.1
second,showninfigure6} is comparableto thecurvespresentedin
figure15wherethepitchtrsasientresponsesto a 9° initial(3 dis-
turbancearebasedonflightat 10,000smd25,000feet.As is shown,
flightat altitudeproducesa slowerresponsetimebutdoesnotappre-
ciablyaffectthestabilityofthemodel.-autopilotcombinationbecause,
inbothcasespresentedinfigure15,itis indicatedthatthe
transientresp,onsewilldieoutinthesecondstep.

--

●
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Responsetoan InitialDisturbance“--

(
5- = f(D) inProportionalBandG )

Determinationoftheapproximateautopilotfunctions.-Themethod
employedto determinemathematicaltransferfunctionswhichapproximate
theautopilotsmplitudeandphaseresponse.w-~.sasfollows:Firs%,the
experimentalautopilotamplitudeandphaseresponseswereobtainedfrom”
oscillating-tabletestsofactualautopilots.Twoautopilotswereused
inthisanalysis.Thefirstconsistedof’theservomotorusedpreviously
to obtaintheexperimentalresultspresentedinfigure3, andthe
oscillating-tableerroranglewasmeasuredby a German.V-ldisplacement--
andrategyroscopewhichgeneratestheinputto theservomotorby the
useofpneumaticAskaniapickoffs.Theautopilotamplitudeandphase
testpoints,thusobtained,werethenplottedon semilogpaperusinga
decibelscaLefortheamplituderesponse.Transparenttemplatesbased
onplotsoflmownquadraticandlinear”functionsonthissamesemtlog
paperwerethenuseduntilthecombinationoftemplates-whichmost
closelymatchedtheautopilottestpointswasdetermined.Themethod
usedtomakethelogmagnitudeandphasetemplatesand”e~lanationsof
theirapplicationsarefoundinchapter8 ofreference2.

Theapproximateautopilottransferfunctionobtainedby theafore-
mentionedmethodis

Thisfunctionwillthengoverntheproportionalpartof-theproportional-
flickertransientresponses.A comparisonofthisapproximatefunction
withtheautopilottestpointsbasedonthesmplitudeandphaseresponse
oftheproportional-flickerservomotorobtainedfromoscillating-table
testsofa V-1displacementandrategyroscopeispresentedinfigure16.
Theagreementbetweentheapproximatefunctionandtheexperimental
resultscanbe seeninfigure16(a),wheretheapproximateautopilot
transfer.functionandtheautopilottestpoints.foroscillating-table
amplitudesof+d..13°, *3.030, and*4.85° are@ottedon:linearcoordi-
nates.Theexperimentalresultsvarywithoscillationsmplitudedueto
thenonlinearitiesoftheautopilotmechenism.However,theagreement
betweenthemathematicalfunctionsmdtheexperimentalresultsis sat-
isfactoryexceptforthelow-amplitudeoscillations(*1.3.30), wherethe
amplituderesponsepeaksmoresharply.

A furthercomparisonbetweenthe,approximateautopi_.lottransfer
functionandtheactualautopilottestpointsismadeinfigure16(b)
intheform”ofNyquistdiagrams,wherethemathematicalfunctionand
thetestpointsarecombinedwiththemodeltransferfuhctionto obtain

.“

.

.—
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“

.
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thelociofthepolarplots.Themodeltrsnsferfunctionisbasedon
sea-levelflightat M = 1.8 andwith SM = 0.86c.Satisfactoryagree-
mentisagainshownbetweentheapproximateautopilottransferfunction
andtheexperimentalresultsexceptfortheNyquistplotbasedonthe
*1.13°testpoints.

Thesecondapproximateautopilotmathematicaltransferfunctionwas
basedontheamplitudeandphaseresponseofa servomotorusinga dis-
placementgyroscopeonlyto generatetheinputsignal.~Thisapproximate
functionis

b
=,=& +156D: 3600

288

enditis comparedwiththeautopilotconsistingofa displacement
gyroscopeplusservomotorinfigure17. Autopilottestpoi&s are
plottedforoscillating-tableamplitudesof *k.2° and*2.15, andsatis-
factoryagreementwiththeplotoftheapproximatemathematicalfunction
iS shown.

Autopilotcontainingdisplacement-plus-rategyroscops.- As sho~
. previouslyinthemethodofamlysissection,thefunction6(s) ~d

theinitialvaluesof the 5 derivativesareincludedinthederivation
ofthe 190(s)functioninthesecondmethodof analysis.Althoughthe

● manualsolutionforthe 19and b transientresponsesaremuchmore
involvedwhenusingthistypeofderivation,it iSofvaluebecauseit
yieldsa morecompletedefinitionofthecontrol-surfacemotion.

Figure18 showsthepitch transientresponsesto differentinitial
@ disturbancesbasedonthelongitudinalderivativesgivenintableI
forsea-levelfli@t at M = 1.8 andwith W = 0.86c.~heflicker “ “
gainis ~7°andtheproportionalbandis*4°. Infigure18(a),the
initial19disturbanceis10°andthefirststependsat 0.03second
afterthemodelattitudehaspassedthroughtheneutralpoint(OO).In
thisfigurethecalculatedb responseisalsoshown.Infigure18(b)
theinitiale disturbsmceis4.5°withcurvesshownforthefirststep
endingat to”+ 0.03secondandto”+ 0.1second.The 8 responseis
plottedforthecasewherethefirststependsat to”+ 0.03second.
As is shown,thesmallertime-lagfactor(0.03second)ismorecritical,
withthesecondoscillationofthe .9transientactuallycrossingthe
proportionalband. Thiswouldordinarilynecessitatehandlingthe
solutionwithmorethantwosteps.However,itwouldbe necessaryto
knowtheinitialvalueof a forthethirdstepand,sincethecharac-

?5
teristicequationforthe a transientwhen ~ = f(D) iStenthorders

.
a manualsolutionwasnotattempted.Itismoredesirableto obtaina
lessoscillatorytransientresponsewhichdampsoutintwc’stepsby

●
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increasingthetime-lagfactor,as is shownforthecurvewhere
T = 0.1second.Figure18(c)showsthe e responseto a 15°initial-
disturbance,wherefora -T of0.03secondthemotionisdampedintwo .
steps.

Theagreementbetweentheresultsshownforthesecondmethodof
analysisusingtheautopilotcontainingdisplacement-plus-rategyro-
scopesandtheresultsshownforthefirstmethodofanalysisisgood.
Thesecondaryoscillationwhichappearedinthesecondstepofthefirst
methodof analysis,forexample,isalsopresentwhenusingthissecond
methodofanalysis,resultingintransientresponses,thegeneral
shapesofwhicharecomparable.On thisbasisthevalidityofusinge
themuchsimplerrelation~ = K forthemajorpartofthisanalysis
seemstobe justified.

—

AutopilotcontainingdisplacementWoscope only.-Thesecondstep
ofthepitchtransientresponsesto 10”and4.5°initiaJ@ disturb-
ancespresentedinfigure19 isbasedonthetransferfunction —

5 2880 .
G .- = D2-I-156D+ 36OO

Theseresultsshowthatstabilitycanbe obtainedwitha proportional-
flickerautopilotmadeup ofa servomotoranddisplacement~oscope
only. However,a comparisonof figures18 and19 showsthattheauto-

.

pilotwithoutrateyieldsa moreoscillatoryresponsei~the
proportionalband,

Responsetoa CommandSignal

(
6

)- = f(D) inProportionalBandc

Theresponsetoa commandsignal.-Pitchtransient-responsesto
4.50 slxlloo commandsignalsareshowninfigure20. Theseresponses
arebasedon sea-levelflightat M = 1.8 andwitha staticmargin
of0.86C.T!heinitialdisturbanceirieachcaseisla,rgerthanthe
proportionalband;therefore,theflickercontrolsettingof+7°applies
forthefirststepofthesolution,whichendsat 0.1secondafterthe
transientcrossesthedesirednewattitude.Inthesecondstepthe
approximatetransferfunction

8 225(D+ 27.2)-=G
(D2 + 141D+ 7744 .

.
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“

applies.Infigure20(a)thedesiredchangeinattitudeis 4.5°or,as
explainedinthemethodofanalysissection,thetrmsientresPonse
shownistheresponsetoa 4.5°commandsi~l. Infigure20(b),the
comnandsignalcallsfora 10°chsmgeinattitude.Theseresultsshow’
thatstableresponsesto commandsignalscanbe obtainedwiththe
proportional-flickerautopilotandtheresponsesappeartobe similar,
exceptfordirection,totheresultsfor4.5°snd”lOOinitialdisturb-
ancesshowninfiwre I-8.A comparisonbetweentheproportional-flicker
andthezerophas=
showninfigure20
hasthemorerapid

lagproportio-&lresponseismade-fo=bothcurves
andineachcasetheproportional-flickerautopilot
responsetime.

CONCLUSIONS

Theproportional-flickerautomaticpilotoperatesona nonlinear
principle,wherebya high-speedflickerservomotorresponseis combined
witha low-speedproportionalservomotorresponseforthepurposeof
obtainingstabilityandcontrolinsupersonicflight.Physcially,the
autopilotmotionoperatesabouta zeroreferencewithintwobands. In

. theinnerband,theautopilotoutputisproportional.to theinputanda
flickerresponseoverridestheproportionalresponseat a fixedeagleof
gimbaldisplacementoneithersideofthezero&yroscopereference.The
conclusionsarrivedat as a resultoftheanalysisconductedherein,.
basedona specificsupersonicmodelconfiguration,areas follows:

1. Satisfactorystabilitycanbe obtainedby theproperadjustment
ofthevariablefactorsintheautopilotmechanism,namely,thepropor-
tionalservogain,theamplitudeofflickercontroldeflection,the
autopilottime-lagfactor,andthepointintherangethattheautopilot
switchesfroma flickerto a proportionalsystem.

2.A reasonableaerodynamicout-of-trimmomentofthemodelwill~ot
affectthestabilizationqualitiesoftheproportional-flickerautopilot
to anygreatextent.Decreasingthestaticmarginappearstohavemore
ofan effectonthestabilityof theproportional-flickerautopilot-model
conibination.F’orthessmeautopilotcharacteristics,a decreasefistatic
marginfrom0.86to 0.3meanaerodynamicchordyieldsa transient
responsewhichdoesnotdieoutbutwhichdivergesuntilwhatappears
tobe apure flickerresponseisobtained.

3. Goodagreementis shownbetweentheresponseto a initialdis-
turbanceusinga mathematicaltransferfunctiontoapproximatetheauto- ,
pilotandthemethodof assumingthattheautopilothasa purepropor-

. tionalresponseintheproportionalbad withinstantaneousmovementof
thecontrolsurfaceattheswitchingpoint.

,
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.

4.Theproportional-flickercontrolsystemcanbe fabricatedand
appearstobe a practicalmethodforobtainingpitchstabilizationof
a supersonicpilotlessaircraft.Therefore,trialsofthissystem,
particularlyin supersonicvehicles,appearwarranted.

LangleyAeronauticalLaboratory
.-

NationalAdvisoryCommitteeforAeronautics
LangleyAirForceBase,Va.
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APE3NDIXA

DETERMINATIONOFTHERELATIONWHICHEXPRESSESn/5

AS A FUNCTIONOF STATICMARGIN

Therelation

expressesC% asa functionof staticmargin.

Fromtheliftequation,thesteady-statevalueofthenormal
‘accelerationin g canbe derivedfora constantcontrol-surface
deflectionas -

r
n 1

L
= ~a JJL@s

.

●
wherethesteadystatea/b hasbeen

incorporating

thefollowing

therelation

.

assumedtobe

SM—
c

(1)

%5 Byequalto -c~”

relationis.obtained,wherethevariationofthesteady-
staten/5 isexpressedas a functionof SM and C%

(2)

Fora particularvalueof SM,”C% canbe evaluatedfromequa-
tion(l). Then,by usingthese,twovaluesinequation(2), n/8 is
determined.

●

●

.
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Symbolsnot PreviouslyDefined

CLbc rateof changeof canardliftcoefficientwithcanard
deflection~l?lbc

.

c+ lift-curveslopeofmainwing W ~
4

~ distancefromcenterofpressureof canardcontrolsurfaces
to centerofpressureofmodel,inches

Y distancefromthecenterofpressureofmainwingto center
ofpressureofmodel,inches

dc/d8 rateof changeofdownwashangleatwingdueto deflectionof
canardcontrolsurfaces

SM staticmargin,negativewhenc.p.isbehindthee.g.,”inches

*

●

●

●
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o,.86C

0.9C

O*3C

TABLEI —
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ESTIMATEDLONGITUDINALDERIVATIVES .-

[Allderivativesindegreemeasure;Iy ..37.66SIU-ft2; “ .-

m= 4.922slugs;c = 1.395ft; s = f2.52ft2.

Mach c~
number

1.8 -0.000138

1.4 I -.000187

1.8 I -.0000784

-J

%x @ % Qj ~a. ‘ -

-0.052 0.204 -0.0000116-0.0000510.0607

-.0621 .023 -.0000205-.00105 .0692

-.0181 .0182 -.0000051-.000051 .0607 -
.-

.

VARIATIONOTFLIGHT,CONDITIONS

I Altitude Mach
(ft) number (lb/!it2) (ft~sec)

sealevel 1.8 4270 1963

I sealevel I 1.4 I 290,2 I 1562

10,000 1.8 I 3294 1937

I 25,000 I 1.8 I 1790 I 1835

=s=- —. _
—

.

,
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(a)Photographof modelconfiguration.

Figurel.-Superamicmissileresearchmodelconfiguration.
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(b)Plan-viewsketchof mdel configuration.

Figure1.-Concluded.
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(a)Amplitudeandphaseresponseoftheapproximateautopilotfunction
andoftheactualautopilottestpoints.

Figure16.- Comparisonof the functionwhichapproximatesthe proportional
part of the proportional-flickerautopilotwiththe autopilottest.
pointsbasedonthe amplitudesadphaseresponseof a proportional-

‘

.

~lickerservo
mentandrate

obtainedfromoscillating-tabletestsofa V-1displace-
gyroscope.
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(b)Nyquistdiagramsfor approximateautopilotfictioq-modelcombination
andforlongitudinalpitchoscillation.amplitudesof-fi.13°,i3.03°,
and~4.85°.basedon sea-levelflightat M = 1.8 and SM = 0.86c.

Figure16.- Concluded.
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Figure17.- Comparisonof the functionwhichapproximatesthe proportional

part of the proportional-flickerautopilotwiththe autopilottest
pointsbasedonthe amplitudeandphasereslonseof the servoobtained
fromoscillating-table tests of a displacementgyroscopeonly.
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